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A field, K, that has no extensions with Galois group isomorphic to G is called 
G-closed. It is proved that a finite extension of K admits an infinite nnmber of 
nonisomorphic extensions with Galois group G. A trinomial of degree n is 
exhibited with Galois group, the symmetric group of degree n, and with prescrib- 
ed discriminant. This result is used to show that any quadratic extension of an 
A,&losed field admits an extension with Galois group A,, . 
INTRODUCTION 
Apply the square-root operator to an algebraic number field, k, until 
k is closed with respect to the square-root operator. The resulting field, 
& , is said to be &closed, where Cs is the cyclic 2group. We say kl is 
a G-extension of k if Gal(kJk) s G. Note that K,, does not have a 
Cz-extension. In Section 1 this property is generalized to arbitrary finite 
groups, G; that is, to fields that do not have any G-extension. In Section 1.2, 
G-closed fields are shown to exist and be unique up to isomorphism. It is 
shown in Section 1.3 that there exists a finite extension, L, of a G-closed 
field that admits a G-extension; moreover, L has an infmite number of 
G-extensions. 
In Section 2 we consider the imbedding of quadratic number fields into 
fields with Galois group S* , where Sn is the symmetric group of degree n. 
This is accomplished by finding a trinomial with Galois group & and 
prescribed square-free part of the discriminant. This result is used to show 
that for all n E Z’, n # 4, an An-closed field has a quadratic extension, 
which in turn has an extension with Galois group A,, . 
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I. 1. Dejnifions 
Let KQ be the square-root field, that is the ciassical constructible 
numbers encountered in geometry. K,, is the smallest field that contains Q, 
the rationals, and is closed under the square-root operation. Let GKO be 
the set of all Galois groups of Galois extensions of K,, . There is no 
2-group in GKO , although KO does have nonnormal extensions of degree 
2m, n > 1. We generalize the above property of being closed under Galois 
extensions of degree two. 
Throughout this paper k will denote an arbitrary algebraic number 
field or a function field of transcendence degree one, G will denote a 
finite group, and CB the cyclic group of order ~2. 
We say that kl is a G-extension of k if Gal(kJk) g G. We define a 
Gi-extension of k inductively: 
(1) k is a Gt-extension of k. 
(2) If kl is a Gt-extension of k and kz is the normal closure over k 
of a G-extension of kl , then kz is a Gt-extension of k. 
(3) The union of a family kE, ordered by inclusion, of Gt-extensions 
of k is a G6-extension of k. 
We define a field K to be G-closed if it has no proper G-extensions. 
We say a field K is the G-closure of k if K is a Gf-extension of k and if 
K is G-closed. It is assumed that K is contained in an algebraically closed 
field, &?. The field of constructible numbers, K,, , mentioned above is the 
&closure of Q. 
1.2. Properties of G-Closed Fields 
We now see that the G-closure of k exists and is unique up to isomor- 
phism. 
PROPOSITION 1.1. If k is a field, then there exists an extension K that 
is a Gt-extension of k and is G-closed. 
ProojI Let S be the set of all Gt-extensions of k. Note that S is con- 
tained in Q. We now order S. If Fl , Fz E S, we write Fl < Fz if Fl c Ft . 
S is nonempty since k E S, and is inductively ordered: If {Ff}iEI is a totally 
ordered subset of S, then UiEIFi is an upper bound of {F&, . Therefore, 
by Zorn’s lemma S has a maximal element K, and K is a Gt-extension 
of k. K is G-closed, for if not there exists K’ such that Gal(K’/K) = G 
with K’ E S and K’ 1 K contradicting the maximality of K. 
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PROPOSITION 1.2. Let k be afield, E a Gt-extension of k area’ U: k -+ L 
an embedding of k into a G-closed$eld L. Then there exists an extension 
of o to an embeading of E in L. If E is G-closed and L is a Gt-extension of 
uk, then any such extension of CT is an isomorphism of I? onto I,. 
Proo$ Similar use of Zorn’s lemma as in Proposition I. 1. 
COROLLARY 1.3. Let k be a$eld, and E, E’ be the Gcextensions of k. 
If E and E’ are closed, then there exists an isomorphism r: E -+ Ef inducing 
the identity of k. 
ProojI Extend the identity map on k to an embedding of E into E’ 
and apply Proposition 1.2. 
As we saw above, the constructible numbers, KO , are G&osed for Gz 
a 2-group since by Sylow theory Gz has a subgroup with index two. 
Moreover, KO is G-closed where G is any finite group with a subgroup 
of index two. Extending to arbitrary G-closure, we have the following. 
THEOREM 1.4. If K is the G-closure of k and H is a group extension 
of N by G, then K is H-closed. 
ProojI Assume K is G-closed. If K is not H-closed, then there exists 
an extension L of K with Gal(L/K) G H. Since N is normal in H, there 
exists by the fundamental theorem of Galois theory an extension F of K 
with Gal(F/K) G H/N c G, thereby contradicting K G-closed. 
Remark. If F is an algebraic field of characteristic p # 0, then F is 
what Gordon and Straus [2] call a CE field; i.e., a field in which all finite 
extensions E/F are cyclic. In [2] they prove the following theorem: F is 
a CE field if and only if for each n G N, the natural numbers, F has at 
most one separable extension of degree n. For F a CE field the G-closure 
of F is closed under cyclic extensions of G, and under all subgroups of G. 
A property similar to the G-closure of k is the hull closure of k. A hull 
of groups as defmed by Krakowski [6] is a set of groups P closed under 
the operations of group extension and homomorphic images. A finite or 
infinite Galois extension K of k is cahed a P-extension when Gal(K/k) 
is in P. The P-closure of k is the maximal P-extension of k. Note that 
G-closed is not the same as P-closed since a G-closed field may not be 
closed under homomorphic images of G. This happens in the case of the 
C4-closure of Q having (- l)lla as a &extension. 
1.3. “Opening Up” G-Closed Fields 
The above theorems describe the way in which the G-closure of k is 
closed. Now we see how to “open up” a G-closed field. In order to do this 
we need the following lemma and theorem. 
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LEMMA 1 S. For any distinct primes p, q, with q odd, there is a solvable 
group G of order qp*-l with subgroups H and HI such that HI 4 H u G 
with (G : H) = q and (H : HI) = p. Furthermore, G does not have a normal 
subgroup, HO , with index p. 
Proox Let H be the direct product of q - 1 copies of CD, with C~ 
i = l,..., q - 1 the generators of the cyclic components of H; also let HI 
be the product of q - 2 of the above factors. Now aut(H) has an element, 
x, of order q; namely: 
dX. CL + cj+1 , i = I,..., q - 2, 
-1 -1 
x: c*-1 -+ Cl cz 
-1 *.* Co-l. 
Thus let G be the semidirect product of H and CQ, G x H)&Cq, where x 
generates Cq and acts on H as an inner automorphism. Clearly, G is 
solvable with HI 4 H a G and corresponding indices p and q. To show 
that G has no normal subgroup, HO, of index p it suffices to show that 
the commutator subgroup, G’, of G is equal to H. Note that 
Since an arbitrary element of G is of the form hx%, h 6 H, an arbitrary 
element of G’ is of the form [hIxnl, hzxnz] = fl[x, cj] because XV~ = c+~x%. 
Thus G’ is generated by [x, cJ i = l,..., q - I, which are independent 
and hence also generate H; so G’ = H. Now if there did exist an HO Q G 
such that G/H,, = CD, then HO 3 G’. 
Therefore (G : HO)(HO : G’) = (G : G’) = q, which is impossible since 
(G:HJ=pandp+q. 
THEOREM 1.6. Given a prime p and an n E N such that p f n, then 
there exists a solvable group GS such that HI 4 H Q GS with (GS : H) = n, 
(H : HJ = p and there does not exist a subgroup H,, a G3 with (GS : HO) = p. 
Proox Let q be a prime dividing n, so ti = qs; and let S be a solvable 
group of order s. Let G be the group as in Lemma 1.5. Taking G8 to be 
the direct product of G and S, we then have Gs solvable with HI 4 H u GS 
and with the desired indices. Also, if G8 did have CD as a homomorphic 
image, S would have to be mapped onto the identity of CD since p f s. 
Thus G would have CP as a homomorphic image, which contradicts G 
not having a subgroup of index p. 
Remark. Since Gs is solvable, it is a Galois group over k by a result 
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of Safarevie [9]. Take H, HI , and Gs as in Theorem 1.6. Let M be an 
extension of k with Galois group Gs, let Li belong to HI, and let L 
belong to H; thus we have 
1 Q HI Q H 4 Ga , kCLCLICM, 
with Gal(L/K) g GJH and Gal&/L) z H/HI g CD. In the next 
theorem we show that the above tower of fields exists when the base 
field is CD-closed. 
We will need the definition of linearly disjoint for the proof of Theo- 
rem 1.7, Let L and K be two algebraic extensions of k; and let all fields 
involved be contained in Q, algebraically closed. We say that K is linearly 
disjoint from L over k if every finite set of elements of K that is linearly 
independent over k is still independent over L. 
THEOREM 1.7. Let K be the CD-closure of k, and n E N be such that 
p f n, then K has a Galois extension L’ with [L’ : K] = n and L’ has a 
Galois extension &’ with Gal(Li’/L’) g CD . 
Proof Let L, LI , 44, and Gs = Gal(M/k) be as in the remark above. 
Since Gn has no subgroups of index p, il4 and K are linearly disjoint over k; 
moreover L and L are linearly disjoint with K. Taking composites we 
have 
KCKLCKLICKM 
with Gal(K.L/K) G GJH, which has order n, and Gal(K&/KL) g CD . 
Letting L’ = KL and LI’ = KLI , we have the desired extensions of K. 
The above theorem has the following immediate corollary. 
COROLLARY 1.8. Let L’ be as in Theorem 1.7 and p an odd prime; 
then the CS-closure of L’ is a (C&-extension of L’. 
Notation. Let EcP denote the CD-closure of k. 
THEOREM 1.9. Let {qI , qz ,...} be an infinite sequence of distinct primes 
none of which is equal to p, an odd prime; then we have the following chain 
offieIds: 
where [KI : EcD] = qI and [Kt+I : KtcS] = qi+I , i = 1,2 ,... . 
Prooj Induction on i: i = 1 is Theorem 1.7 with n = qI and 
Corollary 1.8. Assume true for i = j. By Theorem 1.7 EicD has an extension 
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JY~+~ with [Kj+I : I&J = qj+l since qj+l is relatively prime to all the qk 
k < j + 1, and p. Furthermore, by Theorem 1.7 Kj+I has a CD-extension, 
and hence by Corollary 1.8 &&+Ic# is a (C&-extension of Kj+r . 
It has been shown that after an extension of degree a, JJ $ n, a CD-closed 
field has at least one CD-extension. We will now give an explicit extension 
of degree three of the constructible numbers that has an infinite number 
of ($-extensions. Hilbert’s irreducibility theorem will be needed to prove 
this rest&. 
HILBERT'S IRREDUCIBILITY THEOREr+f 1.10. Let k be an algebraic num- 
ber field, and f(tl ,.,., tr , xl ,..., xS) a polynomial with coeficients in k, 
which is irreducible as a polynomial in r j- s variables. Then there exists 
an intnite number of values (tl’,..., t?‘) of (tl ,..., t,.) in k such that the 
polUvnomial f (tl’ ,..., tY’, x1 ,..., x,J is irreducible as a polynomial in (xl . . . . . .~,YJ 
with coeficients in k. 
ProofI See [7, p. 1411. 
Remark. If K is the &-closure of k, then every cubic extension of K 
is of the form q1f3 with q e K, but q1i3 $ K. This follows since the discrimi- 
nant of every cubic over K is a square in K, and u = (- 1 + ( - 3)* Iz)/2 
is in K. 
THEOREM 1.11. If K is the C..+losure of k and q E K is not a cube, then 
K(q1j3) has an extension L with Gal(L/K(q1j3)) g Cz . 
Proof Let f(x) IS K[x] be the polynomial belonging to q1j3, i.e. 
f(x) = x3 - q. Let F = k(q, a) and 6) be the algebraic closure of F(y). 
Claim: There are infinitely many a F K for which (q113 - a)1’2 $ K(q1i3). 
No?e. (q1i3 - a)1/2 belongs to j(xz + a). Thus (q1’3 - a)lj2~ K(91’3) 
if and only iff(2 + a) = -ga(x) ga(-x), where g&x) E K[x]. 
Now let a be a transcendental, say, y. Consider the factoriza- 
tion: f(x2 + y) = (x2 + y)3 - q = x6 + 3yti + 3y2x2 - q + .v3 = 
[x3 -+ ACy) x2 + B(Y) .X + CCy)lLx3 - A(y) x2 -k Ny) .X - Uy)l, whm 
A(Y), B(Y), C(Y) E F@?& 
We now determine the Galois group of B(y). 
Equating coefficients we have 
3y = 2B - AZ, 
3y2 = B2 - 2AC, 
ya-qz -c2, 
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which imphes A = (Bz - 3y2)/2C = (2B - 3y)i/2. Therefore we must 
solve 
or 
B4 - 6y2B2 + 9y4 - 4C2(2B - 3y) = 0 Cl*11 
P - 6y2B2 + 8(y3 - q)B - 3y(y3 - 4q) = 0. u4 
Note that (1.2) is a polynomial equation over F(y). We use Lagrange’s 
method, see [14, pp. 272-2751, to solve (1.2). The cubic resolvent of (1.2) 
is 
w3 + 4y2w2 + 12y(yS - 4q)w + 23ye - 25 * 5qy3 - 2Gq2 = 0, (1.3) 
while the resolvent of (1.3) is 
T2 - 26 . 33q(y3 + q)T + 212 . 36q3y3 = 0. (1.4) 
Equation (1.4) has roots & = 26 * 33qy3 and t2 = 26 * 33q2. 
Thus (1.3) has roots wr = -2yz + 4q113y + 4qzj3, w2 = -2y2 + 
4dqlJ3y + 40Jq2iS, w3 = -2y2 + 4uJqljSy + 4u?q2~3. 
Therefore the degree of the splitting field of (1.3) over F(y) is three. 
Hence by a well-known theorem (see [5, p. 52]), Equation (1.2) has 
Galois group & , or has a root in F(y). But by Gauss’ lemma, (1.2) does 
not have a root in F(y). By Hilbert’s irreduciblity theorem there are an 
infinite n E iV so that A4 is the Galois group of B(n) over F. Since & has 
no subgroup of index two, the Galois group of B(n) over K is A4 . Thus 
there are an infinite number of ti e K so that f(x2 + u) does not factor 
in K[x]. 
COROLLARY 1.12. Let K(q1j3) be as in Theorem 1.11; then the CS- 
closure of K(q113) is an infinite extension of K(q1i3). 
ProojI If (q113 - a)1/2* E K((q 1/3 - a)1/2n-1) for n finite, then (q113 - a)lj2 
would be in K(q1j3), contradicting the theorem. Also, if (ol, a2) = 1 and 
(q1i3 - a#/2 $ K(q1/3) f or i = I, 2, then (ql13 - Q/2 and (q113 - a2)1/2 
give rise to disjoint C2-extensions of K(q1/3). 
2. THE EMBEDDING PROBLEM FOR QUADRATIC FIELDS 
In 1892 Hilbert [4] showed, using his irreducibility theorem, that there 
exists a polynomial f(x) with Galois group Sn , the symmetric group of 
degree n. We will give for all rr > 3, n g N a polynomial f(x) of degree n 
that has Galois group Sn and has prescribed square-free part of the 
discriminant. This is a particular solution of the imbedding problem. 
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In the general case the imbedding problem is one in which a Galois 
extension F/k is given, and it is required to extend F/k to an extension 
K/k so that Gal(K/k) is a given group extension of a group IV by Gal(F/k). 
For iV abelian see [lo], and for IV characteristically simple see [I 11. 
We will need several lemmas to prove our main result. 
Let d in k be such that the ideal (d) is not a square. Note that for every 
prime ideal +I there is a dl - d (dl E dk*z n UJ so that either p ‘1 C& if (d) 
is divisible by an odd power of p or n f dI if (d) is divisible by an even 
power of p. By d square-free in k we will mean d or dI - d such that the 
above property holds in k. 
LEMMA 2.1. Let d be square-free in k; then a and b caa be chosen itz k 
so that the discriminant, D(j) of j(x) = x” + ax + b is equal to dm2, 
m E Ok , Ok the integers of k. 
ProoJ See [ 121 for a derivation of 
D(j) = (-1)~?~[~-1)/2]+~+1(~ - ~)e-lan + (+l)nCn-U/2 nn&-l. 
Now if we prescribe the discriminant off to be dmz, we can solve for a 
and b in terms of d. To do this consider the following cases: 
Case 1. n is odd. Let b = (n - 1) ar/n, m = s((n - l)a)t+lJ/z where 
r, .Y are arbitrary integers in k. Thus 





r, s are again arbitrary integers in k, we obtain in a similar manner: 
f(x) = xn + nr+l[l + (- l)n(n-1)j2 (n - 1) x2d]-l x 
+ (n - 1) rn[l + (- l)ncfl-1)12 (n - 1) x2d]-l. G!..q 
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In what follows let /C be an algebraic number field with p a prime ideal 
in k, where JY n Z = (p) and kn is the associated valuated field. 
THEOREM 2.2 (Eisenstein irreducibility criterion). Let f(x) = X~ + 
alx+l + *.* + a+lx + a,, E kJx]. Assume that ord a< > 1 .for i = I,..., 
n - 1 and ord am = I. Then f(x) is irreducible in kJ,x]. 
ProojI See [8, p. 1131. 
LEMMA 2.3. Let f(x) be as in (2.1) or (2.2) of L.emma 2.1; then in 
either case r, s can be chosen so that f (x) is irreducible, over k. 
ProojI Let f(x) be as in 2. I and pI’ a prime such that pI’ #’ n(n - 1). 
Let pI’ be a prime ideal in k containing (pr’). With proper choice of PI’, we 
have d $ pI’. Now pick r, s $ pI’ so that ord[nr’+l - (- lp(n-l)/z szd] = I. 
Thus ord{[(n - I) rn-l][nr’+l - (- l)*~+l)~z szd]} = I. Therefore f(x) 
is irreducible in kpl,[x] by Theorem 2.2. Hence f (x) is irreducible in k[x]. 
By Theorem 2.2 the polynomial (2.2) is irreducible or has a root in k. 
The reciprocal polynomial is of the form: (n - 1) y” + ny+l + c = 0, 
where c = I + (- l)n(n-1)j2 (n - I) s2d and y = r/x. Thus we have 
1 + (- l)fi(+lJiz (n - I) s2d = c = -[(n - 1) yn + ny+l], 
(n - 1) y I? Ok . 
Now let s run through the congruence class mod PI, pI prime in k. 
Hence the left-hand side of the above equality has density proportional 
to that of all squares, while the right-hand side has density proportional 
to that of all nth powers, with n > 2. Thus the right-hand side has lower 
density than the left-hand side. Therefore we can choose s so that the 
above equality does not hold, and consequently polynomial (2.2) does not 
have a root. 
In 1922 Furtwangler [I] proved a theorem, giving conditions on a 
polynomial in Q[x] so that it has primitive Galois group over Q. (For 
definition of primitive group, see [3, p. 641,) This theorem is easily extended 
to k. 
THEOREM 2.4. Let h(x) = X~ + alx+l + *‘* + anelx + an E O&l, 
irreducibIe and assume ord a$ > 1 for i = 1,2,..., n - 2, ord an-l = 1 
and ord an > 2; then h(x) has primitive Galois group. 
LEMMA 2.5. Let j(x) be as in (2.1) or (2.2) of Lemma 2.1; then in 
either case r and s can be explicitly chosen so that f (x) has primitive Galois 
group over k. 
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ProofI Recall that for every prime ideal p there is a dI - d 
(dI E dk*2 n &) so that either p 11 dI if (d) is divisible by an odd power 
of p or p q dI if (d) is divisible by an even power of p. 
Now let j(x) be as in (2.1), and since d is assumed to be square-free, 
we may choose a prime ideal pz’ so that vz’ 11 dI and dI - d. Also, choose 
r, s so that r E v~’ and SEV~‘. L& pi he the rationa prime so that 
(Pi’) = vz’ n Z. If pi 1 FZ, then for some v we have (p2’)” 11 n; in this case 
let r E (v~‘)“+~. Now ord[nr+l - (-l)n(‘+1)i2 s2dJ = 1, and 
ord{[(n - 1) rn-l][nrG-l - (-ljn(n-1)12 s2d]j 2 2. 
Therefore by Theorem 2.4 f(x) has primitive Galois group. 
Now let j(x) be as in (2.2), and pick v2 unramified in k with p2 n Z = 
(& so that ps + rz(rz - 1) and d 6 vz . Choose r, s E Z such that pz 11 r, 
and [l + (-1) n(+1)/2 (n - 1) s2d] = 0 mod$2. That is, s is a solution 
to the following: 9 = Ad-+ - 1)-l = -j-p mod&+2; and this has a 
solution if p2 is picked so that 
h 
t 1 
-----=I (  
P;-2 
where z is the usual Jacobi symbol of a and b). (y 
Hence 
and 
ord{rzr+l[ 1 + (- ly(+l)j2 (n - 1) s2d]-l} = 1 
ord{@ - l)r%[l + (-1) n(‘+l)/fJ (n -  1)  ssd}-l} z 2. 
Thus by Theorem 2.4 f(x) has primitive Galois group. 
THEOREM 2.6. If a primitive permutation group cuntains a transposition, 
it is a symmetric group. 
ProoJ See [16, p. 341. 
The results of the following theorem are similar to the results obtained 
by Uchida [13] and Yamamoto [17]. The proof follows the lines of 
Yamamoto’s [17, Proposition 2] except that we keep a more careful 
track of the choices of the coefficients u, b so as to be able to fix the 
equivalence class of the discriminant. 
THEOREM 2.7. Let k be an arbitrary algebraic number j?eld, d square- 
free in k, and f(x) = x* + ax + b E k[x], n > 3, with splitting jield L. 
Then a, b can be chosen so that Gal(L/k) z & and D(f) = dm2, m E 0% . 
ProoJ l3y Lemma 2.1 we can take a, b so that D(f) = dmz. Now 
choose r, s so that I..emmas 2.3 and 2.5 hold. Hence f(x) has primitive 
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Galois group. Now by Theorem 2.6 it is enough to show that the Galois 
group of j(x) contains a transposition. To do this we use the method of 
Van der Waerden [15, p. 1901 and show that there exists JJ&‘) such that 
j(x) = g(x) /z(x) modp&‘), where g(x) is an irreducible polynomial of 
degree 2 and h(x) is the product of n - 2 distinct polynomials of degree 1. 
Let p be a prime number such that p = 1 (mod 4), p { n(n - l), and p 
is unramified in k. Take c, dl E Z so that c2 - 4dl = p. Let 
(*I l/(1 + ct + dlt2) = I + elt + e2t2 + +a. 
be the formal expansion with respect to t; thus we have 
ei EZ for i = 1,2,..., 
e1 = -c, 
e2 = +x1 + 41, 
ei = -(cei-l + dlei-2) for i > 3. 
Let g(x) = x2 + cx + dl and /z(x) = x@ + e1xnd3 + *a* + e,+2 . Thus 
we have g(x) /z(x) = xn - e,+rx + d1enw2 . Now we claim that D(g) and 
D@) are relatively prime. Note that D(g) = c2 - 4dl = p and D(g/z) = 
wd NW JCL w> where JZ(g, h) is the resultant of g and /z. Thus it 
suffices to show that ord(D(gh)) = 1. The equation g(x) = 0 gives a 
ramified quadratic extension Epi over kP,, where & 1 p. Let a, j? E Epf 
be the roots of g(x); then we have D(g) = (a - /?)2 = c2 - 4d1 = p = rz 
and r = cx - ,8 is a prime element of Eps . 
In Epi the expansion (*) now becomes 
1 
= (I - $1 - j?t) = 
1 
1 + ct + dg2 (a - j3) t I 4-z - 
I 
1 - j3t I 
Thus equating coefficients with (*) we have 
ek = 
ak+l - ,‘Jk+l 
a-P 
for k = I, 2,... . 
Replacing cx by /3 + n we have 
e k= [j3k+1 + (k + 1) 7+Ik + (k ; ‘) n2/Ik-l 
+ (k ; ‘) ,.+k-2 + . . . - /jk+l]/T 
= (k + 1) pk + (k 2 ‘) 7rflk-l + (k l ‘) v2j?k-2 (mod T?). 
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Applying the theorem of Swan, 
B(gh) = (-l)a(n-UP+n+l (n - ly-1 (-enul) 
+ (- l)n(fi-l)P nn(dIe&+l 
- I)?+3 fjh-2W3J+2win2 (mod VT~). 
Now using the fact that dl = c@ and LX = j3 + z-, one finds that the 
coefficient of v is zero and that the coefficient of C+ is 
Therefore 
(-~)h-lH?z-2~/2 &p+l(o - 1)n p+l~bx-2~~ 
D(@) s (-1)tn-l1+2)/2 @+I@ - I)% /3Wlh-2)n2 (mod,,.3)s 
Since p f n(n - I), the coefficient of ~~ is a unit of E ; thus D(g/z) is 
not divisible by 9. Hence in Ok D(g/z) E pi for all i but :ot in ~~2 for all i 
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since VP = p. Because D(g) and II(/r) are relatively prime, the splitting 
fields & and Kh of g(x) and /z(x) over k are linearly disjoint over k. From 
the Tchebotarev density theorem it follows that there exist infinitely 
many prime numbers that remain prime in Kg but are decomposed com- 
pletely in & . Let pa’, ps be primes such that ps’ 7 pI’pz’D(gh) and 
p3 fpIpzD(gh); then 
f(x) = &) W mod p8’ n odd, 
fG4 = d-4 W mod p3 n even. 
Now take r, s E & such that 
or 
rP-r/(1 + (- l)n@+l)lz (rr - 1) sV) = -eflWI , 
C@ - 1) rn-l) enPI = --dIefi+. modpz . 
Thus for all n > 3 we have that an arbitrary quadratic number field is 
jmbeddable in some &-extension. 
COROLLARY 2.8. Let f(x) be as in Theorem 2.7; then there exist 
injiniteIy many f(x) with Galois group isomorphic to & and D(f) = dm2. 
ProoJ From the proof of Theorem 2.7 there are clearly an infinite 
number of r and s that satisfy the conditions in the proof of Theorem 2.7 
in order for f to have Galois group S, . 
EXAMPLES OF THEOREM 2.7. 
(1) Let n = 7, d = 3,~~’ = 11 satisfy Lemma 2.3 with r = 1 lrI + 1, 
s = 1 lsr * 4. Lemma 2.5 is satisfied for p2’ = 3 with r = 3 * 1 lrt - 21, 
s = 3 . 11~~ -J= 4 or s = 3 * 11~~ & 7. ps’ = 19 satisfies the conditions m the 
proofofTheorem2.7withr=3~11~19r~+45,s=3~11~19s~~136. 
Thus taking rs = s8 = 0, f(x) becomes 
x’ - (7 ~45~ + 3 - 136z)~ - (6 - 45/7)(7 ~45~ + 3 . 1362) = 0 
or 
XV - 58126414863 . x - 15694132013010/7 = 0, 
and 
D(f) = 6Y7 . 456 + 3 . 1362)6 (3 - 1362) 
and 3 does appear to an odd power in D(f). 
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(2) Let n = 8, d = 2, pI=3, pz=5, and ~~=ll; then r= 
3 * 5 * llr8 + 7 and s = 3 * 5 . 11~ - 157,564,391. Thus taking rz = 
s3 = 0, f(x) becomes 
9 + 8 - 7’~/(1 + 2 . 7 . 157,564,3912) + 7s/(l + 2 . 7 . 157,564,3912) = 0 
with 
D(j) = (8/(1 + 2 * 7 * 157,564,3912))8 . 763 . 2(1 + 7 . 157,564,391z), 
and we note that 2 does appear to an odd power in D(j). 
We consider now the AJosure K of k and show how Theorem 2.7 
“opens up” K. 
THEOREM 2.9. Let K be the An-closure of k, n + 4; then K has a 
C2-extension F and F has an An-extension. 
ProoJ Let j(x) E k[x] be as in Theorem 2.7. Now j(x) is irreducible 
over K since it is irreducible over k and A,, is the only normal subgroup 
of S%. Hence taking F = K(dlfz) we see that F has an A--extension, the 
one belonging to j(x). 
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